Abstract For a connected graph G = (V, E) of order n ≥ 2, a set S ⊆ V is a 2-edge geodetic set of G if each edge e ∈ E − E(S) lies on a u-v geodesic with d(u, v) = 2 for some vertices u and v in S. The minimum cardinality of a 2-edge geodetic set in G is the 2-edge geodetic number of G, denoted by eg 2 (G). It is proved that for any connected graph G, β 1 (G) ≤ eg 2 (G), where β 1 (G) is the matching number of G. It is shown that every pair a, b of integers with 2 ≤ a ≤ b is realizable as the matching number and 2-edge geodetic number, respectively, of some connected graph. We determine bounds for the 2-edge geodetic number of Cartesian product of graphs. Also we determine the 2-edge geodetic number of certain classes of Cartesian product graphs. The 2-edge geodetic number of join of two graphs is obtained in terms of the 2-edge geodetic number of the factor graphs.
Introduction
By a graph G = (V, E), we mean a finite undirected connected graph without loops or multiple edges. For basic graph theoretic terminology, we refer to [5, 7] . For vertices u and v in a connected graph G, the distance d (u, v) is the length of a shortest u-v path in G. It is known that the distance is a metric on the vertex set of G. I [u, v] . A set S of vertices is a geodetic set if I [S] = V, and the minimum cardinality of a geodetic set is the geodetic number g (G) . A geodetic set of cardinality g(G) is called a g-set of G. The geodetic number of a graph was introduced in [1, 3] and further studied in [2, 4, 9] . It was shown in [1] that determining the geodetic number of a graph is an NP-hard problem. A set S of vertices is an edge geodetic set of a graph G if each edge of G lies on a geodesic between two vertices from S, and the minimum cardinality of an edge geodetic set is the edge geodetic number eg (G) . An edge geodetic set of cardinality eg(G) is called an eg-set of G. The edge geodetic number of a graph was studied in [11] . The edge geodetic number of the Cartesian product of two connected graphs is investigated in [13] . There are interesting applications of these concepts to the problem of designing the route for a shuttle and communication network design. In the case of designing the route for a shuttle, although all the vertices are covered by the shuttle when considering geodetic sets, some of the edges may be left out. This drawback is rectified in the case of edge geodetic sets and hence considering edge geodetic sets is more advantageous to the real life application of routing problem. In particular, the edge geodetic sets are more useful than geodetic sets in the case of regulating and routing the goods vehicles to transport the commodities to important places.
For an integer k ≥ 1, a geodesic in a connected graph G of length k is called a k-geodesic. A vertex v is called a k-extreme vertex if v is not the internal vertex of a k-geodesic joining any pair of distinct vertices of G. Obviously, each extreme vertex of a connected graph G is a k-extreme vertex of G. In particular, each end vertex of G is a k-extreme vertex of G.
The k-geodetic number of a graph was referred to as k-geodomination number and studied in [10] . The k-geodetic sets in prisms, which are the simplest Cartesian products of two graphs (products of the form G K 2 ), and the 2-geodetic number of Cartesian product of an arbitrary graph with K n were studied in [6] .
For any S ⊆ V , let E(S) denote the edge set of the subgraph induced by S. A set S ⊆ V is called a k-edge geodetic set of G if each edge in E − E(S) lies on a k-geodesic of vertices in S. The minimum cardinality of a k-edge geodetic set of G is its k-edge geodetic number eg k (G). A k-edge geodetic set of cardinality eg k (G) is called eg k -set of G. For the graph G given in Fig. 1 , it is easy to see that the set S = {v 1 , v 2 , v 5 , v 6 } of end vertices is a g 2 -set and so g 2 (G) = 4. Since the edge v 3 v 4 does not lie on any 2-geodesic of vertices of S, S is not a 2-edge geodetic set of G. It is easily seen that
The k-edge geodetic number of a graph was introduced and studied in [12] . The Cartesian product of two graphs G and H , denoted by G H , has the vertex set V (G) × V (H ), where two distinct vertices (x 1 , y 1 ) and (x 2 , y 2 ) are adjacent if and only if either x 1 = x 2 and y 1 y 2 ∈ E(H ), or y 1 = y 2 and
We denote it by G y and call it the copy of G corresponding to y. Similarly, for any x in V (G) the subgraph of G H induced by {(x, y) : y ∈ V (H )} is isomorphic to H , and we denote it by H x and call it the copy of H corresponding to x. We refer to [3] for results on distance in graphs and to [8] for metric structures in Cartesian product of graphs.
The following theorems will be used in the sequel.
Theorem 1.1 [11] Each extreme vertex of a connected graph G belongs to every edge geodetic set of G. In particular, if the set S of all extreme vertices is an edge geodetic set of G, then S is the unique eg-set of G.

Theorem 1.2 [12] For an integer k ≥ 1, each k-edge geodetic set of a connected graph G with at least two vertices contains every k-extreme vertex of G. In particular, if the set W of k-extreme vertices is a k-edge geodetic set of G, then W is the unique eg k -set of G.
The edge independence number or the matching number β 1 (G) of a graph G is the maximum cardinality of an independent set of edges. Theorem 1.3 [7] For any graph G of order n ≥ 2,
Theorem 1.4 [13] Let G and H be two connected graphs and S an edge geodetic set of G H. Then the projections π G (S) and π H (S) are edge geodetic sets of G and H , respectively.
The edge and 2-edge geodetic numbers of a graph
A set S of vertices in a connected graph G is called a 2-edge geodetic set of G if each edge in E − E(S) lies on a 2-geodesic of vertices in S. The minimum cardinality of a 2-edge geodetic set of G is its 2-edge geodetic number eg 2 (G). A 2-edge geodetic set of cardinality eg 2 (G) is called eg 2 -set of G. It is straightforward to verify the following observation.
Observation 2.1 Let G be a connected graph and let S be an edge geodetic set of G. Then S is a 2-edge geodetic set of G if and only if every edge in G has at least one end in S.
Each extreme vertex of a connected graph G is obviously a semi-extreme vertex of G. However, a semi-extreme vertex need not be an extreme vertex. For the graph G in Fig. 2 , the vertices v 2 and v 3 are semi-extreme and not extreme. Also, For the wheel W 1,n = K 1 + C n (n ≥ 4), where C n is a cycle of order n, each vertex of C n is a semi-extreme vertex of W 1,n . 
Since S is an edge geodetic set of G, the edge e = uv lies on a x − y geodesic P :
we have that u is adjacent to x i+2 , which is a contradiction to the fact that P is a x − y geodesic. Hence each semi-extreme vertex belongs to every edge geodetic set of G.
Since every 2-edge geodetic set of a connected graph G is an edge geodetic set of G, we have the following corollary.
Corollary 2.4 Let G be a connected graph. Then each semi-extreme vertex belongs to every 2-edge geodetic set of G.
In
Theorem 2.6 If G is a graph of order n that has exactly one vertex of degree n
Proof Let v be the unique vertex in G of degree n − 1. Then deg <N (u)> (v) = |N (u)| − 1, for each vertex u = v in G and hence u is semi-extreme. Also, since v is the unique vertex of degree n − 1, it follows that v is not a semi-extreme vertex of G. Now, let S = V (G) − {v}. We prove that S is a 2-edge geodetic set of G. Let e be any edge in G such that e / ∈ E(S). Then e = uv for some u ∈ S. Let u be a vertex in G such that u and u are non-adjacent. Then the edge e = uv lies on the 2-geodesic P : u, v, u with u, u ∈ S. Thus S is a 2-edge geodetic set of G and so by Theorem 2.3, eg 2 (G) = n − 1.
Remark 2.7
The converse of Theorem 2.6 is not true. For the graph G given in Fig. 2 , it follows from Theorem 1.2 and Observation 2.5 that the set S = {v 1 , v 2 , v 3 , v 5 } is an eg 2 -set of G. Therefore eg 2 (G) = 4 = n −1. However, no vertex of G has degree n − 1.
If a graph G of order n has more than one vertex of degree n − 1, then each vertex of G is a semi-extreme vertex of G and so we have the following result.
Theorem 2.8 If G is a connected graph of order n with at least two vertices of degree n
Remark 2.9 The converse of Theorem 2.8 is not true. For the graph G in Fig. 3 , eg 2 (G) = 6 and G has no vertex of degree 5.
Theorem 2.10 If G is a connected graph of diameter 2, then eg 2 (G) = eg(G).
Proof Let S be an edge geodetic set of G. Let e = x y be any edge of G such that e / ∈ E(S). Then e lies on a u − v geodesic with u, v ∈ S. Since the diameter of G is 2, it follows that d(u, v) = 2. Thus, S is a 2-edge geodetic set and so eg 2 (G) ≤ eg(G). Since every 2-edge geodetic set is also an edge geodetic set, we have eg(G) ≤ eg 2 (G).
Remark 2.11
The converse of Theorem 2.10 is not true. For the graph G given in Fig. 3 , the diameter is 3. 
Theorem 2.12 Let G be a connected graph and S be a set of vertices that contains all semi-extreme vertices of G. Then S is a 2-edge geodetic set of G if and only if S is a vertex cover of G.
Proof Suppose that S is a vertex cover of G. Let e = uv be any edge in G such that e / ∈ E(S). Assume, without loss of generality that u ∈ S and v / ∈ S and hence v is not a semi-extreme vertex of G. Thus there exists u in N (v) such that u and u are non-adjacent and so the edge e lies on the u − u geodesic P : u, v, u . Since S is a vertex cover of G and v / ∈ S, we have u ∈ S. Thus S is a 2-edge geodetic set of G. The converse part follows from Theorem 2.1.
A vertex cover of a graph G is a set of vertices of G that contains at least one end vertex of every edge. The minimum cardinality of a vertex cover of G is the covering number β(G) of G.
Corollary 2.13 For a connected graph G, β(G) ≤ eg 2 (G).
Proof Let S be an eg 2 -set of G. Then by Theorem 2.3, S contains all the semi-extreme vertices of G and hence by Theorem 2.12, S is a vertex cover of G. Thus β(G) ≤ |S| = eg 2 (G).
It is straightforward to prove the following corollary from Theorem 2.12. G be a connected graph without semi-extreme vertices. Then β(G) = eg 2 (G) .
Corollary 2.14 Let
Remark 2.15
The converse of Corollary 2.14 is not true. For the graph G in Fig. 4 , the set S = {v 1 , v 2 , v 4 } is a minimum 2-edge geodetic set of G and the set T = {v 2 , v 3 , v 4 } is a minimum vertex cover of G so that eg 2 (G) = β(G) = 3. However, the vertex v 1 is a semi-extreme vertex of G.
Problem 2.16 Characterize the class of graphs for which β(G) = eg 2 (G).
A set M of independent edges in a graph G is called a matching of G. A vertex v in G is said to be M-saturated if v is incident with an edge in M.
Corollary 2.17 For a connected graph G, β 1 (G) ≤ eg 2 (G).
Proof Let S be an eg 2 -set of G and M a maximum matching of G. It follows from Observation 2.1 that |M| ≤ |S| and so
Lemma 2.18 Let H be a connected graph and let v be a vertex of H such that v is M-saturated by every maximum matching M of H . If G is the graph obtained from H by adding pendant edges at v, then β 1 (G) = β 1 (H ).
Proof Let β 1 (H ) = a. Since every matching of H is also a matching of G, it follows that β 1 (G) ≥ β 1 (H ).
Suppose that β 1 (G) > a. Let M be a matching of G of cardinality a + 1. Then, clearly e ∈ M for some e in E(G) − E(H ) and M 1 = M − {e} is a maximum matching of H such that v is M 1 -unsaturated, which is a contradiction. The following theorem is a realization result of Corollary 2.17. 2 , we see that |M 1 | ≤ a − 1, which is a contradiction to β 1 (H ) = a. Thus, the vertex v a is saturated by every maximum matching of H . This shows that β 1 (G) = a. Next we prove that eg 2 (G) = b. Let S be a 2-edge geodetic set of G. By Theorem 2.1, u i ∈ S or v i ∈ S for i = 1, 2, . . . , a and by Theorem 1.2,
The 2-edge geodetic number and Cartesian product graphs
In this section we determine the bounds for the 2-edge geodetic number eg 2 (G H ) of the Cartesian product of graphs G and H and obtain exact values of the 2-edge geodetic numbers for certain classes of Cartesian product graphs.
Theorem 3.1 Let G and H be connected graphs of order m and n, respectively, with
Proof For any vertex y in H , let G y be the copy of G corresponding to y on G H . Let S be an eg 2 -set of G H . It follows from Theorem 2.1 that V (G y ) ∩ S = ∅ and so n ≤ |S| = eg 2 (G H ). Now, we prove the upper bound. Let V (G) = {x 1 , x 2 , . . . , x m } and V (H ) = {y 1 , y 2 , . . . , y n }. Let S = V (G H ) − ∪ m i=1 {(x i , y i )}. We prove that S is a 2-edge geodetic set of G H . Let e = (x i , y k )(x j , y l ) be any edge in G H , where 1 ≤ i, j ≤ m and 1 ≤ k, l ≤ n. Assume that x i x j ∈ E(G). Then y k = y l . Choose a vertex y t in H such that y k y t ∈ E(H ). not lie on any 2-geodesic of vertices in T . Since e ∈ E(G + H ) and T is an eg 2 -set of G + H , e lies on a x − y geodesic P of length 2 in G + H with x, y ∈ T and so it follows that both x, y ∈ V (G). Since the length of P is 2, it follows that e is not an edge of H , which is a contradiction. If V (H ) ⊆ T , let T = T − V (H ). Then T ⊆ V (G) and |T | < n + eg 2 Proof Since diam (G + H ) = 2, the result follows from Theorems 2.10 and 4.3.
